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Introduction

Tak, Trajectory Analysis Toolkit for molecular dynamics:
• Incoherent inelastic Calculator published in 2022 [1].
• Coherent inelastic calculator is under development.
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Classical approximation

Detailed balance

S(Q,−ω) = exp(−h̄ω/kT )S(Q, ω)

The scattering functions can be evaluated classically by treating
the thermal averaging operator as classical ensemble averaging and
the position operators as real space vectors.

C(Q, ω) = lim
h̄→0

S(Q, ω)

So for classical scattering functions

C(Q,−ω) = C(Q, ω)
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Classical structure factor

C(Q) =
1

N

⟨ N∑
j,j′=1

bcoh,j bcoh,j′ exp [−iQr j (0)] exp
[
iQr j′ (0)

]⟩
c

=
1

NM

M∑
i=1

N∑
j,j′=1

bcoh,j bcoh,j′ exp [−iQr j (ti )] exp
[
iQr j′ (ti )

]

=
1

NM

M∑
i=1

 N∑
j=1

bcoh,j cos[Qr j (ti )]

2

+
1

NM

M∑
i=1

 N∑
j=1

bcoh,j sin[Qr j (ti )]

2

Where N is the number of atoms, M is the number of time steps.
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Classical incoherent inelastic

Cinc(Q, ω) =
1

N
∑

j
b2

inc,j F(exp[−iQr i
j(t)])F(exp[iQr i

j(t)])

=
1

N
∑

j
b2

inc,j Aj(Q, ω)A∗
j (Q, ω)
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Classical coherent inelastic scattering

Ccoh(Q, ω) =
1

N

N∑
jj′=1

bcoh,jbcoh,j′Cjj′(Q, ω)

=
1

N

N∑
jj′=1

bcoh,jbcoh,j′Aj(Q, ω)A∗
j′(Q, ω)

=
1

N

( N∑
j=1

bcoh,j Re[Aj(Q, ω)]

)2

+
1

N

( N∑
j=1

bcoh,j Im[Aj(Q, ω)]

)2
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There are two possible methods for Scoh(Q, ω).

1 Calculate Ccoh(Q, ω), then find a way to perform quantum
correction.

• This method considers anharmonic effects, which is not
included in Gaussian approximation. BUT, we need to find the
way.

2 Calculate Sinco(Q, ω) and C(Q), and perform Skold
approximation as Scoh(Q, ω) = C(Q) Sinco

(
Q/
√

S(Q), ω
)

.
• It works nicely with reactor simulations. BUT, how good is it

for total scattering experiments?
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Frame Title

We picked method no.2 and working in two directions
1 Total scattering experiments using our total scattering

instrument for light and heavy water. Perform data inelasticity
corrections on the raw data.

2 Development of a method for calculating Sinco(Q, ω). The
CDFT (convolutional discrete Fourier transform) method.
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The incoherent inelastic scattering in liquids

The scattering function S(Q, ω) is given by the Fourier transform
of the intermediate scattering function F (Q, t), which can be
approximated by a Gaussian [2]

S(Q, ω) =
1

2π

∫
e−iωt exp

[
−Q2

2
Γ(t)

]
dt

With the fluctuation-dissipation theorem, it has been shown that,
Γ(t) in liquids can be expressed as [2]

Γ(t) = h̄
m

∫ ∞

0
dωρ(ω)

ω

[
coth

(
h̄ω

2kBT

)
(1− cosωt)− i sinωt

]

Xiao-Xiao Cai caixx@ihep.ac.cn China Spallation Neutron Source
Thermal Scattering in Liquids 14 / 30

caixx@ihep.ac.cn


.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .Tak
. .. .. .. .. .Classical

. .. .. .Quantum
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .CDFT

. .. .Reference

The formulation is identical to that of harmonic crystals
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Why the calculations are not as simple as those for crystals?

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Energy (eV)

0.000

0.002

0.004

0.006

0.008

0.010

De
ns

ity
 (e

V
1 )

H
O*0.25

The density of states for hydrogen and oxygen in light water for
CAB model at 297K. Additional diffusive motion violates the basic
numerical assumption of ω2 behaviour near zero.
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The CDFT method
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Expansion for a general exp[−f (t)] function

F (ω) =

∫
e−iωt exp[−f (t)]dt

=

∞∑
n=0

1

n!

∫
e−iωt [−f (t)]ndt

= e−fmax
∞∑
0

(fmax )
n

n! gn(ω)

With
r(t) = fmax − f (t)

gn(ω) =

∫
e−iωt

[
r(t)
r(0)

]n
dt
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Numerical issues with FFT convolution

The result of convoluting exp(− x2

2 )⊗ exp(− x2

2 ).
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The distortion algorithm

F1(ω)⊗ F2(ω) =

∫
F1(µ) · F2(ω − µ)dµ

=

∫
eaµF̂1(µ) · ea(ω−µ)F̂2(ω − µ)dµ

= eaω
∫

F̂1(µ) · F̂2(ω − µ)dµ

= eaωF̂1(µ)⊗ F̂2(ω − µ)
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Resolution can be increased significantly

With a = 2
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The CDFT formulated scattering function

S(Q, ω) = exp
(
−ΓmaxQ2

2
+ aω

) ∞∑
n=0

(
ΓmaxQ2

2

)n
1

n! ĝn(ω)

6 4 2 0 2 4 6
Energy (eV)

10 45

10 40

10 35

10 30

10 25

10 20

10 15

10 10
Sc

at
te

rin
g 

fu
nc

tio
n(

\b
ar

n\
eV

\s
r\

)
direct FFT
CDFT
without distort
CDFT

Comparison of scattering function with different scattering orders,
Q = 1
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Numerical problem at large Q

But, at large Q, the factor exp(ΓmaxQ2) may overflow. To prevent
that, we apply the convolutional method again.

S(
√
2n−1Q, ω) = S(Q, ω)⊗ S(Q, ω) · · · ⊗ S(Q, ω)︸ ︷︷ ︸

n

Skipped direct calculations at large Q!
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Calculated function at large Q
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CDFT results I

CDFT, a unified approach from DOS to Sinco(Q, ω).
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CDFT results II
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Outlook

• It is open source by default. A python prototype is available
along side with the reference paper.

• Will be translated into C++ to accelerate the calculation.
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